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ON EXTENSIONS OF NILPOTENT TORSION RINGS
BY SEMISIMPLE RINGS
ISMAIL A. AMIN AND FERENC A. SzAsz
A class of rings in which each member is the extension of a
nilpotent torsion ring by a semisimple semiartinian ring is
presented.
Throughout the following Ft will always designate an associative ring
not necessarily containing an identity element.
Problem 75 cited in the second author's monograph seeks to determine
the structure of rings R satisfying the following two conditions:
(A) if P is a prime ideal of R , R/P is a simple ring with
non-zero socle; and
(B) the left annihilator of every homomorphic image of R is an
MHR-ring (that is, a ring satisfying the minimum condition
for principal right ideals).
We note that a left perfect ring is an MHR-ring with 1 (see [7] and
[9]). Before giving a class of rings satisfying these two conditions, we
pause to give certain definitions.
DEFINITION 1. An S-ring is a ring that satisfies conditions (A) and
(B) simultaneously.
DEFINITION 2. A ring R is called a P-ring if for every
homomorphic image B of R and for every right S-module M ,
M = MQ® M where MQB = {0} and MB = M .
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DEFINITION 3. A PS-ring is a ring which is both a P-ring and an
S-ring.
THEOREM 4. A right Noetherian PS-ring R is the extension of a
nilpotent torsion ring B by a semisimple ring C . Moreover, every non-
zero right -ideal of every homomorphic image of C contains a minimal right
ideal.
Proof. Since R i s r igh t Noetherian, every ideal of R contains a
product of f i n i t e l y many prime ideals of R (see [7] and [9 ] ) . In
p a r t i c u l a r we can find prime ideals P' . . . , P, of R whose product i s
X K.
the zero ideal. There will be no loss of generality if we suppose that
Having this we build the following factor rings:
It is not hard to see that each H . can be regarded as an R/P .-
3 3
module in the natural way. Our assumption shows that R/P. is a simple
3
MHR-ring that possesses minimal one-sided ideals. Thus, by a result of the
second author [70, 7 7 ], the R/P. -module H. has a direct sum representation:
3 3
H . = B . © C . , where B .R = {o} and C .R = C . .
3 3 3 0 3 3
This means that the perfect R/P.-module C. is a perfect i?-module
3 3
t o o . So C. i s a c o m p l e t e l y r e d u c i b l e Z?-module [ 7 7 ] . On t h e o t h e r h a n d ,
3
B . = (O : i?/P, . . . P . ) , .
3 1 3 L.
But since the left annihilator of R/P. ... P. is an MHR-ring, the
l 3
additive group of B. is torsion [17, 72]. Moreover, building the union
3
of the complete inverse images of the ring homomorphisms
<(>. : 5 . -»• B ./ [B . n [P . . . P .} )
3 3 3 K 3 V 1 3})
one obviously obtains a nil ideal B of R . But since R is right
Noetherian, B should be nilpotent by the Levetzki theorem ([6], p. 199).
Moreover, (B, +) is torsion as we have seen.
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Finally the union C of the chain of the complete inverse images of
the mappings
is a Jacobson semisimple ring with the required properties. This completes
the proof. //
The importance of Theorem h may be best seen if we consider rings with
1 . A ring with 1 is obviously a P-ring. Moreover, a ring with 1 is
an MHR-ring if and only if it is a left perfect ring. For
characterizations of left perfect rings we refer to [/] and [9]. We recall
that a ring R with 1 is right semiartinian if and only if every
homomorphic image of right i?-module R has non-zero socle. The study of
such important rings can be found in [2], [3] and [9]. One can see that a
right semiartinian ring is a PS-ring. On the other side, the class of
PS-rings contains every right Artinian ring and every quasi-Frobenius ring.
Also, a right Noetherian ring with 1 which is in the same time right
seminoetherian is necessarily right Artinian. So, many of the known
results concerning such rings can be drawn or reformulated in view of
Theorem it.
THEOREM 5. A right Noetherian PS-ring R with 1 is right
Artinian.
Proof. Since R has 1 , Theorem U asserts that if is the extension
of a nilpotent torsion ring by a right semiartinian ring. This shows that
R itself is right Artinian. //
PROBLEM 6. R is a PS-ring and G is a finite (or soluble) group.
Is the group ring R[G] again a PS-ring?
PROBLEM 7. Give an example of a PS-ring which is not semiartinian.
References
[J] Carl Faith, Algebra II: ring theory (Die Grundlehren der
mathematischen Wissenschaften, 191. Springer-Verlag, Berlin,
Heidelberg, New York, 1976).
Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700007504
Downloaded from https://www.cambridge.org/core. MTA KIK es MTA Szekhaz - LIC of MTA & MTA, on 26 Oct 2017 at 07:12:21, subject to the Cambridge
52 Ismail A. A m i n and F e r e n c A. Sz6sz
[2] Jonathan S. Golan, Localization of nonoommutative rings (Pure and
Applied Mathematics, 30. Marcel Dekker, New York, 1975).
[3] Jonathan S. Golan, Decomposition and dimension in module categories
(Lecture Notes in Pure and Applied Mathematics, 33. Marcel
Dekker, New York, Basel, 1977).
[4] Oscar Goldman, "Rings and modules of quotients", J. Algebra 13
(1969), 10-1*7.
[5] Oscar Goldman, "Elements of noncommutative arithmetic I", J. Algebra
35 (1975), 308-31*1.
[6] Nathan Jacobson, Structure of rings, revised edition (American
Mathematical Society Colloquium Publication, 37. American
Mathematical Society, Providence, Rhode Island, 196*0 •
[7] Andor Kertesz, Vorlesungen uber artinsche Ringe (Akademiai Kiado,
Budapest, 1968).
[S] A. Kertesz, "Noethersche Ringe, die artinsch sind", Acta Sci. Math.
(Szeged) 31 (1970), 219-221.
[9] Bo Stenstrom, Rings of quotients. An introduction to methods of ring
theory (Die Grundlehren der mathematischen Wissenschaften, 217.
Springer-Verlag, Berlin, Heidelberg, New York, 1975).
[?0] F. Szasz, "Uber Ringe mit Minimalbedingung fur Hauptrechtsideale.
I", Publ. Math. Debrecen 7 (i960), 5U-6I*.
[11] F. Szasz, "Uber Ringe mit Minimalbedingung fur Hauptrechtsideale.
II", Acta Math. Acad. Sci. Hungar. 12 (1961), 1*17-1+39.
[72] F. Szasz, "Uber Ringe mit Minimalbedingung fur Hauptrechtsideale.
Ill", Acta Math. Acad. Sci. Hungar. 14 (1963), 1*1(7-1*61.




Cai ro Uni versity,
Giza, Egypt.
Mathematical Institute,
Hungarian Academy of Sciences,
Budapest,
Hungary.
Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700007504
Downloaded from https://www.cambridge.org/core. MTA KIK es MTA Szekhaz - LIC of MTA & MTA, on 26 Oct 2017 at 07:12:21, subject to the Cambridge
